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COMMENT 

Extension of IMH method to electrovac fields 
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tMathematica1 Physics Forum, Cotton College, Gauhati-781001, India 
$Institute of Advanced Study in Science and Technology, Assam Science Society, Gauahti- 
781001, India 

Received 1 February 1982 

Abstract. An algebraic method due to Ihrig has been recently developed further for 
four-dimensional space-times by McIntosh and Halford to determine the metric tensor 
from the components of the Riemann tensor. This method has been extended to electrovac 
fields in this paper. 

1. Introduction 

Ihrig (1975) has given an algebraic method for finding the metric tensor g,, (up to a 
conformal factor) from the components of the Riemann tensor RrUtap in some coordinate 
frame from the identity 

g , ( S f ; , u B  = 0. (1) 
This method has been developed further by McIntosh and Halford (1981) for four- 
dimensional space-times. We extend the Ihrig-McIntosh-Halford (IMH) technique 
here to (4+ 1) dimensions so that it may be applied to electrovac fields. We present 
the method of computation in § 2 and work out two problems, one spherically 
symmetric and the other axially symmetric, in § 3. 

2. Method of computation 

Let us consider a vector space X spanned by fifteen orthonormal vectors x,, = x u ,  
having the inner product 

(2) 

In X we form as many linearly independent vectors U, (a = 1,2 ,3 ,  . . ., m : m < 14) 

(XWlU,, X,,”,) = 4Ll,,, &,U, 

where the Greek indices range over 0 ,1 ,2 ,3 ,4 .  

as possible from the expression 

*x ,  ( U R  L2tap (3) 

where 9 is an arbitrary scalar function. The lengths of these U, vectors are not 
important, and so + is chosen to give U, simple forms as linear combinations of the x*,. 

Next, we write down the most general vector w in X which is orthogonal to the 
vectors U,. w may have more than one arbitrary function in it. 
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Finally, metric components are calculated from the inner product 

kg,, = (oxlrv). (4) 

3. Examples 

3.1. Reissner-Nordstrom field 

Let us consider the Reissner-Nordstrom metric in (4 + 1) dimensions as follows 

ds2 =e2”dt2-e-2” dR2-R2[dx2+sin2 x(de2+sin2 0 dd2)] ( 5 )  

where 

(6 )  
e2” - 2m Q2 - 1 - - + y  

r r  

t represents the time coordinate and R, x, 8 and 4 represent space coordinates. The 
usual form of the Reissner-Nordstrom metric is obtained with x = 7r/2. 

The components of the Riemann tensor obtained are 
0 0 R0220 = R 330 = R 440=R2112 = R3113 = R4114 = e2”u’/R 

e4vu’ 
R 3  sin2 x R1331 = edvRut sin2 x R2020=e4vu’/R3 R3030= 

sin2 e( i  -e2”) (1 -e2”) 
R’ sin2 e sin2 x R4z42 = R 2  R 3434 = 

sin2 x (1 - e2”) 
R 2  

R ‘441 = e4”Ru’ sin2 8 sin2 x R ’332 = 

(7) 

The linearly independent vectors U, found with the help of Riemann tensor 
components are 

u1  = xoo e + x l l  e’” u2=xO0e +xZ2/R2 

v 3  = xoo e-2” +x3JR2 sin2 x 

-2 U -2v  

v4 = xoo e-’’’ + x ~ ~ / R ~  sin2 x sin2 8 

vs = xo1 U 6  = x02 07 = x03 

U8 = x04 u9=x12 VlO=x13 

U11 = x14 v12=x23 U 1 3  = x24 

U14 = x34. 

The value of w which is orthogonal to all vectors is given by 
2” w = e  xoo-e-2’x11 -R2[x22+sin2x(x33+sin2 (9) 
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Therefore, we may have the metric as 

ds’ = q5{e2” dt’-e-’” dR’-R’[dx’+sin’ x(d8’+sin2 8 dq5’)]}. 

2317 

(10) 

where q5 is an arbitrary scalar. 

3.2. Schwarzschild-Ernst field 

The Schwarzschild-Errist (Ernst 1976) metric in (4 + 1) dimensions is 

ds2 =A2A dt’-A’A-l dr2-A’r2[dx2+sinZ ~ ( d 8 ’ + A - ~  sin2@ dq5’)] (11) 
where 

1 2 2  A = 1 +zBor sin’ 8 and A = 1 -2m/r. 

Here Bo is a parameter related to the magnetic field in which a Schwarzschild object 
is immersed. 

The non-zero components of the Riemann tensor are 

B:r2 sin’ 8 cos’ 0 B:r2 sin4 8 2m mB; sin’ 8 - B; sin’ 0 + $7- 
4A ’A sin’ x 4A’ Ar AAr 2A Roiio= 

3B; sin 8 cos 8 
2AA”’ sin x 

3A3/’B; sin 0 cos 8 
2A sin x R ‘003 = R0103 = 

A2B:r2 sin4 8 AB:r2 sin2 8 cos2 8 2Am A’B; sin’ 8 - mAB; sin2 8 
4A 4A ’ sin2 x +7- 2A Ar 

+ R’oio= 

AB&-’ sin2 8 AB:r4 sin4 0 m mB;r sin2 8 B:r4 sin’ 8 cos’ 8 +-+ + 
4A ’ r 2A 4A sin’ x 

+ 
2A R ‘220 = 

A’B; sin2 8 A2B:r2 sin4 8 Am AmB; sin’ 8 AB$-’ sin’ 8 cos2 8 +,+ + 
4A ’ r 2hr 4A ’ sin’ x + 

2A R ‘020 = 

Bir’ sin 0 cos 8 cot x 
2A sinx 

AB; sin e cos e cot x 
2A sin x R ’003 = R ‘203 = 

ABir4 sin6 8 sin’ x B:r4 sin4 8 cos’ 8 mB;r sin4 8 sin’ x 
2A5 4 h 6  4A 

+ + R ‘404 = 

- ABgr’ sin4 8 sin2 x - m sin2 8 sin’ x - B;r2 sin2 8 cos’ 0 
2A5 A 4r 2h 

A2Bir2 sin4 0 AB;r’ sin2 8 cos’ 8 AB;m sin2 8 + + 
4A 4A sin’x 2Ar R 4004 = 

- A’B; sin’ 8 mA AB: COS’ 8 
2A r3 2A sin2x 

B;r2 sin 8 cos 8 sin x 
2AA1/2 

~ ; ~ ‘ l ’ s i n  @cos e 
2A sinx ~ ~ 0 0 1 =  R030i = 

B;r2 sin 0 cos 8 cos x 
2A 

AB; sin 8 cos 0 cos x 
2A sin’ x R 3020 = R ‘320 = 
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B;r4 sin2 8 cos2 8 AB:r4 sin4 8 sin2 x AB;r2 sin2 8 sin2x 
4A 

Bir2(cos2 8 - sin2 8) 

+ 
4A 2 A  

+ 
mBZr sin2 8 sin2 x m sin2 x 

2 A  r 2 A  

R0330= 

+ +-- 

Am AB;(cos’ 0 -sin2 8 )  ABir2 sin’ 8 cos2 8 A2Bi  sin2 8 

A2B:r2 sin4 8 AB; m sin2 8 

R3030=-3-- + + 
r 2 A  sin’x 4 A  sin2 x 2 A  

+ 
4A 2 A r  

+ 

AB:r4 sin4 8 B:r4 sin 8 cos2 8 mBir sin2 0 m ABir2 sin2 8 - --- + 
4A 4A sin2 x 2 A  r A 

R1212= 

m B; sin2 8 B:r2 sin4 0 Bir2 sin2 8 cos2 8 BEm sin2 8 + - - 
4A 4 A  2A sin2 x 2AAr 

R2112=-+ 
Ar3 A 

3A”2B;r2 sin 8 cos 8 
2 A  s inx  

3Bc sin 8 cos 8 
2AA’” sin x R2132= R ‘ 2 2 3  = 

Bir2 sin 8 cos 8 cos x 
2 A  sin2 x RI231 = 

B; sin e COS e COS x 
2AA sin2 x R2113 = 

B:r4 sin2 8 cos2 8 AB:r4 sin4 8 sin2 x 
4A 

m sin2 x ABir2 sin2 8 sin2 x 
4A r A 

+ R ‘313 = 

- Bimr sin2 8 sin2 x - B;r2(cos2 8 -sin2 8 )  
2 A  2 A  

m B&n2 8 B:r2 sin4 8 Bim sin2 8 R3113=-+-- + 
Ar3 A 4A 2AAr 

B!(cos2 8 - sin2 8 )  - B:r2 sin2 8 cos2 8 + 
2AA sin2x 4 A  ’A sin2 x 

B;r2 sin 8 cos 8 cos x -B; sin e COS e COS x 
2 A A  sin2 x 

~ ~ 1 1 2  = 2 A  R1312= 

+f)  A ’” sin x cos x cot x B; sin2 e 
R ‘332 = A (2  +$B;r2 sin2 8) R3m=;i771( A 

r2  sin2 8 sin2 x Bgm sin2 8 3ABi sin2 8 3AB:r2 sin4 8 m 
A 4  ( 2Ar 2 A  4A2 r 3  

- -- + R ‘414 = 

- B:r2 sin2 8 cos2 8 
4 A  ‘ sin2 x 

B:r2 sin2 8 cos2 8 3B:r2 sin4 8 m B;  sin2 13 +-- 
4A ’ Ar 2 A  

+ 
4A ’A  sin2 x R4ii4= 

- Bim sin2 8 - B i  cos’ 8 
2AAr 2 A A  sin2 x 
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2A ' I 2  sin2 8 sin x cos x 2 cot x 
R '442 = A 4  ~ ~ 1 2 4  = - ~ 1 / 2 r ~  

A1/'r2 sin2 8 sin x 5Bg sin 8 cos 8 2 cot 8 B:r2 sin3 8 cos 8 
A 4  ( 2A r2 2A R '434 = 

BgA'/2 r 2 sin 8 cos 8 B;r2 sin2 8 

~ ~ 2 1 2  = 2A sin x ( A  

AB:r4 sin4 8 sin2 x - Bir2(cos2 8 -sin2 8 )  
4A 2A 

R2323 = ( A  + 1 )  sin2 x + 

B:r4 sin2 8 cos2 8 AB&' sin2 8 sin2 x + 
4A A 

+ 

Bgr2(cos2 8 -sin2 8 )  B:r4 sin2 8 cos2 8 AB:r4 sin4 8 - - 
2A sin2 x 4A2 sin2 x 4A2 R 3223 = 

ABgr2 sin2 8 
A 

-(A + 1 )  - 

B 3 ' / ' r 2  sin2 8 cot x BgA'/2 2 r sin4 e sin x cos x 
R4214 = - 

A S  A R2414 = 

sin 8 cos 8 COS x 

2 cot 8 COS x 3B;r2 sin 8 cos 8 COS x 

(Bir2 sin2 8 - 2 )  A S  R '434 = 

- 
sin2 x 2A sin2x R 4 m  = 

( A  + 1 )  sin2 8 sin2 x AB:r4 sin6 8 sin2 x - 
A 4  4A R '424 = 

B:r4 sin4 8 cos2 e Bgr2 sin2 8 cos2 e 
2A 

+ - 
4A 

- ( A + l )  
AB:r4 sin4 8 B:r4 sin2 8 cos2 8 Bgr2 cos2 8 - + 

R 4224 = 4A 4A sin2 x 2A sin2 x 

B;r2 sin3 8 cos 8 cos x Bir2 sin 8 cos 8 cos x 
2 A  R4324= 2~ R 3442 = 

BgA ' / ' r2  sin3 8 cos 8 sin x ( - Bir2 sin2 8)  
2 A  A R34i4= 
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(A - 1) sin’ 8 sin’ x 2 sin’ 8 Bir’(4 cos’ 0 - sin’ 8) sin’ 8 
2A5 

+- + 
A 4  A 4  

3B:r4 sin4 8 cos’ 8 - AB:r4 sin6 8 sin’ x 
4A 4A 

R 3434 = 

- 

Bir’(4 cos’ 8 -sin’ 8) 
2A R4334 = (1 -A) sin’ x - 

3B40r4 sin’ 8 cos’ 8 AB:r4 sin4 e sin’ x 
4A 4A’ 

-2  + + 
RLlvcrp =-Rw,,pa. 

It is found that the linearly independent vectors U, are 

V I =  xooA ’A-’ + A ’Ax1 1 + A -*Ax13R 3 ~ ~ 1 /  R ‘101 

v2  = xooA2r2+ A ’ A X ~ ~ + A - ’ ~ - ’ X Z ~ R ~ O Z O / R ~ Z O Z  

1 
u3 = A’r’ sin’ x xoo+A2A~33 + (X13R ‘003/R0303 $-~23R’003/R0303) A r sin’x 

r’ sin’ e sin’ x 
A 2  

xo0 + A ’Ax44 U 4  = 

us = A ’r2xll - A  ’A-’XZZ - A  -’Ax23R3212/R’113 
? & = A  2 Ax12+A-’A-’xl3R3002/R’002 

U7 = xo1 vs = xoz U9 = x03 

U10 = x04 u l l = x 1 4  U12 = x24 

U 1 3  = x34. 

The vector w in X which is orthogont to all t..e U, obtained above is 

o =A2A-acr&A-1~11 -A2rZ[x22+sin2 x ( ~ ~ ~ + A - ~ s i n ’  0x44)]. (15) 
Equation kg,,, = (ox,, , )  now gives 

ds’ = ~(A’Adt’-A’A-’ dr’-A’r’[dx’+sin* x(d8’+sin2 8 d42A-4)]}. (16) 
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